The Bondi-Metzner-Sachs (BMS) group is shown to be the conformal extension of Lévy-Leblond's "Carroll" group. Further extension to the Newman-Unti (NU) group is also discussed in the Carroll framework.
I. INTRODUCTION
There has recently been a resurgence of interest in both the Bondi-Metzner-Sachs (BMS) group [1] [2] [3] [4] ) and, independently, in Lévy-Leblond's "Carroll" group [5] [6] [7] .
The BMS group arose as the asymptotic symmetry group of a four dimensional asymptotically flat spacetime repre- * Aix-Marseille Université, CNRS, CPT, UMR 7332, senting an isolated time-dependent system emitting gravitational radiation [1] . It had been anticipated, as is the case for asymptotically flat time independent isolated systems, that the asymptotic symmetry group would be the Poincaré group and it came as a surprise that in the presence of gravitational radiation it is impossible to isolate a unique asymptotic Poincaré group, but rather the asymptotic symmetries constitute an infinite-dimensional group which contains many copies of the Poincaré group, none of which being invariant.
The BMS group may be thought of as acting on future (or past) null infinity I ± . The From now on we shall consider only I + since the story for I − is identical.
Let us recall that I + admits a degenerate conformal structure for which we may take a representative metric of the form ds
where the nonvanishing summand is the standard round metric on the unit 2-sphere which we wish to think of as the Riemann sphere C ∪ {∞}.
To this end we introduce stereographic coordinates ζ = e iφ cot(θ/2) in terms of which
The identity component of the Lorentz group is isomorphic to PSL(2, C) = SL(2, C)/Z 2 and acts as conformal transformations of the Riemann sphere.
Specifically, if a, b, c, d ∈ C are such that ad − bc = 1, then for
we have
where Ω(ζ,ζ) = 1 + ζζ |aζ + b| 2 + |cζ + d| 2 .
(I.
3)
The infinite-dimensional abelian group T of super-translations acts on the 2-sphere sections (known as "cuts") of the product as u → u ′ = u + α(ζ,ζ) preserving the conformal structure, where α(ζ,ζ) is a smooth real valued function on the Riemann sphere which transforms as a scalar of weight 1 under conformal transformations of S 2 [8, 9] . The standard BMS group is thus the semi-direct product of PSL(2, C) with T ≡ C ∞ (S 2 , R) and However the Poincaré subgroup so defined is not an invariant subgroup [10] . In that case the generalized BMS group (and also its Lie algebra of vector fields) will be much larger than the Poincaré subgroup defined above.
Rather weaker versions of the BMS group may be defined. For example, the NewmanUnti (NU) group is defined by choosing a, b, c, d ∈ C such that ad − bc = 1, and set
where f must decrease with u at fixed ζ [10] .
The NU group preserves the conformal geometry, but not what is called the strong conformal geometry [10] . There is also an intermediate version, for which
Taking β(ζ,ζ) = Ω(ζ,ζ) gives the general element of the BMS group.
The obvious generalization is to replace S 
In that case the generalized BMS group and its Lie algebra will be much larger than that defined above. It is this type of infinitedimensional extension of the standard BMS group which has figured in much of the current literature [2, 3] .
Our purpose being to relate all these groups to some particular overgroups of the Carroll group, let us recall that the latter, originally introduced as an unusual contraction of the Poincaré group [5] , is highlighted by that a "Carrollian boost" with parameter
according to
where x ∈ R 3 , instead of the familiar Galilean
The aim of the present Letter is thus to show that the BMS and NU groups can be understood as conformal symmetries, namely as conformal Carroll groups introduced in this paper, associated with Carroll manifolds [6, 7] . Further extension to the Newman-Unti group [10] is also discussed.
II. CARROLL GROUP AND MANI-FOLD
In [7] a definition independent of relativity and group contraction has been put for-ward. It is based on defining a Carroll manifold analogous to a Newton-Cartan manifold [7, 13] as a (d + 1)-dimensional manifold C (for Carroll), endowed with a twicesymmetric covariant, positive tensor field, g, whose kernel is generated by a nowhere vanishing vector field ξ. The stronger definition proposed in Ref. [7] requires a Carroll manifold to carry, in addition, a symmetric affine connection, compatible with both g and ξ.
The degeneracy of the "metric" g implies that the connection is not uniquely defined or may let alone exist, see Section IV below. In this
Letter we stick essentially to our new and less restrictive definition given here.
(i) The standard Carroll structure is given 
III. CONFORMAL CARROLL TRANSFORMATIONS
Inspired by the definition of relativistic, and also non-relativistic [13] , conformal transformations, we now introduce for, a
given Carroll manifold, the conformal Carroll group of level N, CCarr N (C, g, ξ), of those transformations which preserve the tensor field g ⊗ ξ ⊗N canonically associated with our
Carroll structure, i.e., of all transformations, a, which satisfy
for some positive function Ω on C and positive integer N. The Lie algebra of infinitesimal conformal Carroll transformations, ccarr N (C, g, ξ), is spanned, accordingly, by vector fields X such that
for some function λ on C. In the flat case (i) our formulae yield [14]
where ω ∈ so(d), γ, κ ∈ R d , and χ ∈ R, with
In view of (III.1), the supertranslation T in (III.3) has conformal weight conformal Carroll algebra becomes precisely the Conformal Galilei algebra CGA [15] , [13] .
Note that the interchange also swaps Carrollian (I.7) and ordinary Galilean boosts.
Requiring Ω = 1, i.e., λ = 0 in (III.2) would yield the "isometry group" of the Carrollian structure (g, ξ). It is infinitedimensional owing to the presence of supertranslations. Requiring, in addition, the preservation of a Carroll connection would reduce this to a finite-dimensional group;
for, e.g., the flat Carroll structure (i) we get the usual Carroll group [5] , denoted by Carr(d + 1) in [7] . The Carroll Lie algebra,
, is spanned by the vector fields
where ω ∈ so(d), β, γ ∈ R d , and σ ∈ R.
In case (ii), the general expression of a conformal Carroll vector field in 
, where
with ϕ ∈ Conf(Σ, g), and α ∈ C ∞ (Σ, R).
Putting a = (ϕ, α), we readily find the group law of the conformal Carroll group of level N;
if a ′′ = a ′ a, we end up with the group law
Notice, again, that supertranslations are actually densities of conformal weight −2/N.
The conformal Carroll transformations of C = Σ × R belong therefore to the semidirect product of conformal transformations of (Σ, g) with "supertranslations" of Σ, 
(III. in the case (ii) shows that L X g = λ g requires
Using the second condition L X ξ = −(λ/N)ξ in (III.2) allows us to deduce that the conformal Carroll group of the punctured future light cone is (III.10), i.e., for N = 2, the BMS group. [18] The condition λ = 0 would fix the super- The Newman-Unti (NU) group is spanned of those (local) diffeomorphisms a of C which preserve the sole degenerate "metric", g, up to a conformal factor, namely a
This entails that the direction of ξ is automatically preserved (since a * ξ lies again in the kernel of g). Its Lie algebra consists, hence, of all vector fields X on C such that
If C is the light-cone I + of R d+1,1 , we find that
an arbitrary function of the x A and u. The
Newman-Unti group of the light-cone C is, therefore,
consistently with Eqs (I.5) and (I.6). We no- 
We finally notice that NU 1 = CCarr ∞ .
VI. CONCLUDING REMARKS
The basic result of this paper is that the future null conformal boundary I + of an asymptotically flat spacetime emitting gravitational radiation is a Carroll manifold [7] and its asymptotic symmetries, i..e., elements of the Bondi-Metzner-Sachs group [1] , constitute the associated conformal Carroll group.
Originally introduced as the limit of the Poincaré group as the speed of light tends to zero [5] , Carroll groups and Carroll manifolds have found applications in the study of velocity-dominated spacetimes and physics on branes which approach the speed of light.
They are the analogue of Newton-Cartan manifolds, which arise when when the speed of light tends to infinity [7] . As a null hypersurface in the conformal compactification of spacetime I + carries an induced metric, g, which is degenerate with a one-dimensional kernel spanned by ξ which is tangent to its null generators. It also carries a so-called strong conformal structure [10] . Depending upon how much of this structure one requires to be preserved one may obtain different symmetry groups. Dropping the requirement that the strong conformal structure be preserved leads to a larger group, namely to the Newman-Unti group [10] , which is now seen to fit into the general theory of Carroll manifolds and their symmetries.
As we recalled in the introduction, there has been a considerable revival of interest recently in the BMS group in connection with its application to conformal field theory [2] [3] [4] .
We hope that the clarification brought about in the present paper will further advance this study.
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